Introduction
Over the past five years, searching for high transition temperature (T c ) superconductors in ironbased pnictides [1] [2] [3] [4] [5] [6] [7] [8] has been one of the central topics in condensed matter physics, since the discovery of the second class of high T c superconductors in LaFeAsO [1] . Many iron-based compounds were reported to show superconductivity after doping or under high pressures, such as ReFeAsO (1111 crystal structure) [1, 4] , AFe 2 As 2 (A = Ca, Ba) (122 crystal structure) [5, 6] , LiFeAs (111 crystal structure) [8] and FeSe (11 crystal structure) [7] . Recently, the discovery of the new family AFe 2 Se 2 (A = K, Rb or Tl) superconductors with iron vacancy-ordered has stimulated great interest in the study of iron pnictides with 122 crystal structure [9] [10] [11] [12] . For example, A y Fe 2−x Se 2 (A = K, Rb or Tl) have been found to become superconducting at about 30 K [9] [10] [11] . The AFe 2 Se 2 compounds have the same ThCr 2 Si 2 -type crystal structure as that of the 122 compounds. However, there are many unique physical properties for the AFe 2 Se 2 compounds, which are different from those of the iron-based superconductors with the similar crystal structure, such as the absence of the hole-like Fermi surface in K 0.8 Fe 1.7 Se 2 [13] , the block antiferromagnetic (AFM) order in K 0.8 Fe 1.6 Se 2 [14] , and the intrinsic √ 5 × √ 5 iron vacancies superstructure in K 0.8 Fe 1.6 Se 2 [15] .
To date, numerous research has been carried out to study the nature of iron vacancyordered compounds [14, 15] . Different from the random iron vacancies, the ordered iron vacancies cause the A y Fe 2−x Se 2 (A = K, Rb or Tl) have a new supercell structure, inducing the interesting electronic structure [14] and magnetic ground states [14, 15] . Since A y Fe 2−x Se 2 shows superconductivity by doping with hole [9] [10] [11] [12] , one of the important questions is 'what is the actual parent phase of these superconductors?' [16, 17] . The A 2 Fe 4 Se 5 compound has been suggested as the parent compound [14, 15] and the Cooper pairs were mediated by the AFM spin fluctuation [14, 15, 18] . Recently, a novel ordered iron vacancy compound A 2 Fe 7 Se 8 has been discovered by a scanning tunneling microscopy experiment [17] , which was proposed to be the parent phase. Each iron vacancy exists in every eight iron sites, so A 2 Fe 7 Se 8 has the intrinsic √ 8 × √ 10 iron vacancies structure. As we know, the magnetic configurations and the relevant physical properties are very important in superconductors. However, until recently, research about the magnetic ground state and the magnetic properties for A 2 Fe 7 Se 8 materials was still scarce. Thus, it is critical to study the magnetic ground state and spin waves of A 2 Fe 7 Se 8 for a better understanding of the physical mechanism of its superconductivity.
To give a qualitative insight into the magnetic ground state and spin wave properties in this system, we have investigated the magnetic ground state phase diagram, as well as the spin waves of K 2 Fe 7 Se 8 . Based on our results, four AFM phases are found to be stable in the reasonable parameter region, such as the conventional collinear AFM and three newly discovered AFM phases. Using the linear spin wave theory, we have investigated the dispersion relations of the spin wave for the newly discovered AFM2 and AFM3 phases, which have two acoustic spin wave branches and 12 optical spin wave branches. Along with the special directions, the spin system displays the quasi-one-dimensional character at high frequency. To compare with future neutron scattering experiments, the inelastic neutron scattering patterns for the AFM2 and AFM3 phases are also calculated and discussed. The rest of this paper is organized as follows. In section 2, the theoretical model and calculation details are described; in section 3, the phase diagram, spin waves and dynamical structure factor for the newly discovered AFM2 and AFM3 phases are investigated, respectively. The last part is devoted to the conclusion.
Model and method
One of the minimal theoretical model for K 2 Fe 7 Se 8 is the J 1 -J 2 Heisenberg model on a quasitwo-dimensional lattice, which can capture the essential physics of the magnetism in this Fevacancies ordered materials [19] 
where δ and δ represent the nearest-neighbor (NN) and next nearest-neighbor (NNN) site of the ith site, respectively. The first term denotes the NN spin interaction and the corresponding coupling constant is J NN . The spin interaction between the NNN is described by the second term and J NNN is the corresponding coupling constant. In the following, the J NN and J NNN near Fe vacancies are expressed by J 1 and J 2 respectively, as shown in figure 1 ; other spin coupling constants J NN and J NNN are expressed by J 1 and J 2 , respectively. For convenience, we define |J 1 |S as the energy unit. The scanning tunneling microscopy experiment suggests that K 2 Fe 7 Se 8 has the √ 8 × √ 10 Fe-vacancies ordered structure [17] . Therefore, each magnetic unit cell contains two crystal unit cells for the AFM configuration in figure 1, which includes 14 iron atoms and 2 iron vacancies. The two-dimensional Brillouin zone (BZ) and the high symmetry points are also shown in figure 1.
We use Holstein-Primakoff (HP) transformations to investigate the spin waves of the AFM2 and AFM3 phases, which is a standard procedure to calculate the spin wave [20] [21] [22] . Under HP transformations, we can obtain the HP boson Hamiltonian
Here, ψ † k is the boson operators,
, which is determined by the magnetic ground state. E 0 is the constant for the classical ground state energy. We can obtain the dispersion relations of the spin wave by the standard numerical diagonalization method [23] .
Results and discussions
The mean-field approximation is used to investigate the ground state magnetic structure of the J 1 -J 2 Heisenberg model on a quasi-two-dimensional lattice. In the present study, the ferromagnetic (FM) and all the collinear AFM structures are taken into account, and the noncollinear magnetic structure is not considered. The magnetic phase diagram of K 2 Fe 7 Se 8 is shown in figure 2 . Owing to four different parameters in the J 1 -J 2 Heisenberg model, the phase diagram is plotted in the J 1 − J 2 space while other parameters are fixed, i.e. J 1 = ±1 and J 2 = 1. There are three phases in the J 1 − J 2 space for the case J 1 = 1: the collinear AFM1, AFM2 and AFM3 phases, as shown in figure 2(a) . Actually, the collinear AFM1 phase is one of the stable phases for both the case J 1 = 1 and the case J 1 = −1, as discussed below. Besides the AFM1 phase, there are two newly discovered stable AFM phases for the case J 1 = 1: AFM2 and AFM4. As we know, the AFM1 phase is a popular magnetic configuration, which has been much studied [12, 24] . Thus, we focus on the newly discovered AFM phases in this paper, which only appear in the √ 8 × √ 10 iron vacancies structure. In the AFM2 configuration, a 'super-moment' occurs in the situation of the six positive spins along the diagonal direction around the centered Fe vacancy and another opposite spin located in the left and right boundary of the supercell. The super-moment forms a simple Neel AFM order on a square lattice, as seen from figure 2. It is easy to understand this magnetic configuration from the J 1 -J 2 model. When the spin coupling J 1 is dominant in the parameter region (i.e. J 1 → −∞), J 1 favors the FM magnetic configuration along the diagonal direction around the centered Fe vacancy, which induces the super-moment. The Neel AFM configuration between the different super-moments is induced by other spin interactions. Thus, the AFM2 phase emerges in this parameter region. The other newly discovered AFM4 phase in figure 2 has a much lower symmetry, which is different from the AFM1 and AFM2 phases.
When J 1 = −1, the AFM1 phase also appears in the phase diagram of figure 2(b). Remarkably, the FM phase is robust in a large parameter space especially in the region J NN < 0 and J NNN < 0, because the negative exchange couplings lead to the FM alignment of Fe spins. Noticeably, the AFM3 is the only robust AFM phase at J 1 = −1. It can be regarded as seven parallel spins around the centered Fe vacancy and all the other spins have the antiparallel direction in the super cell.
To give a qualitatively understanding of the newly discovered AFM2 and AFM3 phases, we will discuss their spin wave characters based on the linear spin wave theory. The linear spin wave theory is good enough to capture the main properties of the spin wave [25, 26] . But if one wants to obtain more details about the spin wave, the second order perturbation theory [27] [28] [29] [30] , self-consistent spin wave theory [31] [32] [33] [34] or coupledcluster calculations [35] [36] [37] can be employed. As we discussed above, due to the 14 sites in the magnetic unit cell, it is very hard to obtain the explicitly analytical expressions for the spin wave dispersion relations. Thus the spin wave can be calculated by the numerical diagonalization method [23] . The spin wave dispersion relations of the AFM2 and AFM3 phases along the high symmetry directions are shown in figure 3 . For convenience, a set of typical parameters (J 1 = 1, J 1 = −0.8, J 2 = −0.6, J 2 = 1) for AFM2 phase and (J 1 = −1, J 1 = 0.8, J 2 = −0.6, J 2 = 1) AFM3 phase are chosen in the numerical calculation. As shown in figure 1 , there are 16 sites in the magnetic unit cell. However, the number of spin waves is decided by the number of iron atoms in the magnetic unit cell. Hence, 14 spin wave branches are generated in the AFM2 phase, including 2 acoustic spin wave branches and 12 optical spin wave branches. Each of the spin waves has twofold degeneracy, since the system holds invariance under the translational operation of T (1/2 − → x + 1/2 − → y ) and reversion of spins I − . From Goldstone's theorem, the acoustic branches do not have a gap at the point, which corresponds to a kind of collective excitation mode involving all the 14 spin sites. All 12 optical spin wave branches have gaps at the point and the gaps are dependent on the specific interaction parameters. Along the high symmetry directions of -A and C-B at higher frequencies, all the spin wave dispersions are very weak, which indicates the quasione-dimensional character in this system. The quasi-one-dimensional character of spin waves can be attributed to the existence of the iron vacancy along the x direction. In contrast, all the spin waves along other high symmetry directions have obvious dispersions, which can be clearly seen in figure 3(a) . For the AFM3 phase, there are also 2 acoustic spin wave branches and 12 optical spin wave branches, and each of the spin waves is also twofold degenerate due to the same symmetry. The corresponding spin wave has a similar dispersion to that of the AFM2 phase. Moreover, the quasi-one-dimensional character along the -A direction also appears at high frequency. The quasi-one-dimensional spin wave character can be measured by the inelastic neutron scattering experiment. To provide some insights for further neutron scattering experiments, we investigate the expected neutron scattering intensity at different constant frequency cuts in k-space, which is proportional to the dynamic structure factor S in (k, ω). The zero-temperature dynamic structure factor can be calculated by HP bosons. In the linear spin wave approximation, only S x k and S y k contribute to the inelastic neutron scattering intensity through single magnon excitations and S z k only contributes to the elastic part of the neutron scattering intensity. The spin dynamical factor associated with the spin-waves is given [19, [21] [22] [23] ,
Here, |0 denotes the magnon vacuum state, | f is the final state [21] and ξ kn is the nth component of the eigenvector α † n |0 .
In the fixed energy cuts, the expected neutron scattering intensity patterns of AFM2 and AFM3 phases are shown in figures 4 and 5, respectively. At the frequency cut ω = 0.5, there are two curves along the k x direction for the AFM2 phase, resulting from the acoustic spin wave branches, as shown in figure 4 . With the increase of the cut frequency to ω = 1.0, the distance between the two curves becomes bigger, which come from the first twofold degeneracy optical spin-wave branches. Different from the low frequency situation, at higher frequency ω = 2.3, the distance of diffraction peaks becomes smaller. Simultaneously, the intensity of diffraction peaks around the point becomes weaker and less obvious. At ω = 3.2, the distance between diffraction peaks becomes much bigger and the intensity of diffraction peaks at the k x = 0 point becomes stronger due to the contribution of the second twofold degeneracy optical spin-wave branches. At frequency cut ω = 4.3, the diffraction peaks appear in the corner of the BZ and become broader due to the third and fourth twofold degeneracy optical spin-wave branches. At the highest frequency ω = 5.5, the diffraction peaks become narrower and fainter. At the same time, the middle diffraction peaks around the point become very weak and vanish again due to the contribution of the fifth and sixth twofold degeneracy optical spin-wave branches.
As shown in figure 5 , the diffraction peaks for the AFM3 phase are similar to those of the AFM2 phase. At ω = 0.5, two bright curves exist, originating from the acoustic spin wave branches. At ω = 1.5, the curves of the dynamic structure factor appear at the edge of BZ and become narrower. At the intermediate frequency ω = 2.5, the distance between diffraction peaks becomes smaller and the intensity of diffraction peaks becomes stronger. At higher frequency ω = 4.5, the diffraction peaks become two semi-elliptical shapes near the boundary of BZ due to the contribution of the third and fourth twofold degeneracy optical spin-wave branches. At ω = 5.5, the diffraction peaks move close to k y = 0, and the middle diffraction peaks around the point disappear. In contrast, at the highest frequency ω = 7.0, the diffraction peaks at k x = 0 point appear again and the broad diffraction peaks appear near the boundary of BZ.
Conclusions
In conclusion, we have provided a natural and unified understanding of magnetism and vacancy ordering in K 2 Fe 7 Se 8 through investigation of the magnetic ground state phase diagram of the J 1 -J 2 model. In the phase diagram, there are three AFM phases in the parameter region J 1 > 0 and two AFM phases in the parameter region J 1 < 0, which can be applied to understand the possible magnetic ground state of K 2 Fe 7 Se 8 . Based on the linearized spin wave theory, we have investigated the spin waves for the AFM2 and AFM3 phases, which can be measured and verified by future neutron scattering experiments. Two acoustic spin wave branches and 12 optical spin wave branches coexist in the AFM2 and AFM3 phases. Moreover, the spin waves of K 2 Fe 7 Se 8 have a quasi-one-dimensional character at high frequencies. To supply some guidance for future neutron scattering experiments, we also calculated the inelastic neutron scattering pattern for the AFM2 and AFM3 phases. 
